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Abstract 
Lenoir engine based on the quantum system has been studied theoretically to increase the thermal 
efficiency of the ideal gas. The quantum system used is a single particle (as a working fluid instead of gas in 
a piston tube) in a one-dimensional infinite potential well with a wall that is free to move. The analogy of 
the appropriate variables between classical and quantum systems makes the three processes for the 
classical Lenoir engine applicable to the quantum system. The thermal efficiency of the quantum Lenoir 
engine is found to have the same formulation as the classical one. The higher heat capacity ratio in the 
quantum system increases the thermal efficiency of the quantum Lenoir engine by 56.29% over the 
classical version at the same compression ratio of 4.41. 
Keywords: compression ratio, potential well,  thermal efficiency, quantum Lenoir engine 
1. Introduction 
The heat engine is known as a device that acts 
to convert heat energy into work with a certain 
thermal efficiency. This engine is inseparable from 
the second law of thermodynamics, where the 
engine can not entirely convert the heat energy 
entering the system into work, but there is residual 
heat wasted into the environment [1,2]. This opens 
up opportunities for much research in efforts to 
obtain alternative systems for heat engines other 
than gas in the piston tube and efforts to improve 
the efficiency of heat engines [3]. 
Quantum physics offers a quantum system as a 
substitute for the classical system to improve the 
thermal efficiency of a classical system engine. 
Quantum systems used are potential wells [4,5,6,7, 
8,9,10,11,12,13], quantum harmonic oscillators 
[14,15], and others. 
Lenoir engine is an internal combustion engine 
which was first thought to be mass-produced. This 
engine works based on three thermodynamic 
processes, namely isochoric, adiabatic expansion, 
and isobar compression in one cycle [16]. The 
existing classical Lenoir engine needs to be 
improved in its efficiency. This research offers a 
quantum system in the form of a single particle 
trapped in an infinite one-dimensional potential 
well instead of gas in a piston tube. A particle in this 
potential well is an interpretation of copies of an 
infinite number of particles where each has its 
potential well [17]. This study opens the 
opportunity for other studies on the application of 
quantum systems, especially in the Lenoir engine, 
to achieve increased thermal efficiency. 
2. Theoretical Model 
The theoretical model used as a substitute for 
the classical system, gas in a piston tube, is a single 
particle of mass m confined in a one-dimensional 
infinite potential well of width L, as shown in Figure 
1. The behavior of a single particle at 0 < 𝑥 < 𝐿 is 
represented by one-dimensional independent time 
Schrödinger equation, 
𝐸𝜓(𝑥) = −
ℏ2
2𝑚
𝑑2𝜓(𝑥)
d𝑥2
. (1) 
With the given boundary conditions at both ends of 
the potential wall, 𝜓(0) = 𝜓(𝐿) = 0, the solution of 
 
Figure 1. A particle in a one-dimensional infinite 
potential well as a quantum system. 
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equation (1  describes the behavior of particles in 
the walls,  
𝜙𝑛(𝑥) = √
2
𝐿
𝑠𝑖𝑛
𝑛𝜋𝑥
𝐿
 (2) 
with quantum number n = 1, 2, 3,… and L is the 
width of the potential well from 0 to ∞. The total 
energy of each state of the n-th is 
𝐸𝑛(𝐿) =
𝑛2𝜋2ℏ2
2𝑚𝐿2
. (3) 
The wave function of a particle as a superposition 
of states is 
𝜓(𝑥) =∑𝑎𝑛𝜙𝑛(𝑥)
𝑛
 (4) 
with an average total energy 
𝐸(𝐿) = ⟨𝜓(𝑥)|?̂?|𝜓(𝑥)⟩ =∑|𝑎𝑛|
2
𝑛2𝜋2ℏ2
2𝑚𝐿2
𝑛
. (5) 
The potential well is driven by mechanical force 
according to the equation 
𝐹(𝐿) = −
𝑑𝐸(𝐿)
𝑑𝐿
= −∑|𝑎𝑛|
2
𝑛2𝜋2ℏ2
𝑚𝐿3
𝑛
. (6) 
Equation (6) means that the potential well driving 
force depends on the quantum number n achieved 
by the particle and the width of the potential well. 
The higher the value of n causes F(L) to increase, 
the wider the potential well will reduce F(L). 
The relationship between classical and 
quantum systems is based on the analogy of the 
variables originally proposed by Bender et al. [4], 
according to Table 1. 
Table 1. Correspondence of variables from the 
classical system to the quantum system. 
Num. Classical System Quantum System 
1 Pressure (P) 
Mechanical Force of 
Potential Well (F) 
2 Volume (V) 
Width of Potential 
Well (L) 
3 Temperature (T) 
Total Energy 
Expectation Value 
(E) 
Given the analogy of these variables, the curve of 
gas pressure as a function of the tube volume is 
analogous to the graph of the potential well 
mechanical force as a function of the potential well 
width, according to Figure 2. However, in ideal 
conditions that are reversible, every thermody-
namic process is assumed to take place in a quasi-
static state which occurs in a very long time [3,17], 
so that each point or intermediate states that make 
up a process is in a state of thermodynamic 
equilibrium (mechanical equilibrium, thermal 
equilibrium, and chemical equilibrium) all the time. 
This leads to equations (2) and (3) still considered 
satisfying [3]. 
Point A is chosen as the starting point. The 
particle is assumed to be in a ground state (n = 1) 
with a wave function ϕ1 and expectation value of 
total energy E1. 
The first step (A→B) is an isochoric process 
where the particle condition changes from a ground 
state (n = 1) to an excited state with the quantum 
number n. Superposition of two-particle states 
occurs to form a wave function 
𝜓𝐴𝐵(𝑥) = 𝑎1𝜙1(𝑥) + 𝑎𝑛𝜙𝑛(𝑥) (7) 
with the total energy expectation value 
𝐸𝐴𝐵(𝐿) = |𝑎1|
2𝐸1(𝐿) + |𝑎𝑛|
2𝐸𝑛(𝐿). (8) 
The heat energy that enters the system from a heat 
bath is equal to the total energy difference between 
the two states of the particle from points A and B, 
𝑄𝑖𝑛 = 𝑄𝐴𝐵 = (𝑛
2 − 1)𝑛
4
3
𝜋2ℏ2
2𝑚𝐿𝐶
2 . (9) 
The width of the potential well does not change, so 
there is no work at this step. All incoming heat 
energy is converted to increase the energy level of 
a single particle from n = 1 to n = n. 
The second step (B→C) is an adiabatic expan-
sion process that does not change the probability of 
each state so that the particle remains in the excited 
state with n = n, 
𝜓𝐵𝐶(𝑥) = 𝜙𝑛(𝑥), (10) 
with the total energy expectation 
 
Figure 2. The curve of F(L) on the quantum 
system. 
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𝐸𝐵𝐶(𝐿) = 𝐸𝑛(𝐿) =
𝑛2𝜋2ℏ2
2𝑚𝐿2
. (11) 
Based on equation (6, a potential wall mechanical 
force reads 
𝐹𝐵𝐶(𝐿) =
𝑛2𝜋2ℏ2
𝑚𝐿3
 (12) 
so the work done by the quantum system to the 
surrounding is 
𝑊𝐵𝐶 = ∫ 𝐹𝐵𝐶𝑑𝐿
𝐿𝐶
𝐿𝐵=𝐿𝐴
=
𝑛2𝜋2ℏ2
2𝑚
(
1
𝐿𝐴
2 −
1
𝐿𝐶
2). (13) 
The third step (C→A) is an isobar compression 
process in which a single particle from an excited 
state with the quantum number n returns to the 
ground state (n = 1) according to the wave function 
𝜓𝐶𝐴(𝑥) = 𝑎1𝜙1(𝑥) + 𝑎𝑛𝜙𝑛(𝑥). (14) 
The normalized condition of equation (14 results in 
a relationship of two complex constants 
|𝑎𝑛|
2 = 1 − |𝑎1|
2 (15) 
so the expectation value of the total energy in this 
process can be expressed as 
𝐸𝐶𝐴(𝐿) = [𝑛
2 + |𝑎1|
2(1 − 𝑛2)]
𝜋2ℏ2
2𝑚𝐿2
. (16) 
The mechanical force acting on the wall potential is 
obtained for 
𝐹𝐶𝐴(𝐿) = [𝑛
2 + |𝑎1|
2(1 − 𝑛2)]
𝜋2ℏ2
𝑚𝐿3
. (17) 
During this isobar process, mechanical force is 
always constant (FC = FCA) to give a relation 
𝐿 = [
𝑛2 + |𝑎1|
2(1 − 𝑛2)
𝑛2
]
1
3
𝐿𝐶 . (18) 
According to equation (18, the width of the 
potential well is valued from LC to LA = (1/n)2/3 LC in 
this step. Thus the surrounding work to compress 
the width of the well is calculated 
   
𝑊𝐶𝐴 = ∫ 𝐹𝐶𝐴𝑑𝐿
𝐿𝐴
𝐿𝐶
=
𝑛2𝜋2ℏ2
𝑚𝐿𝐶
2 [(
1
𝑛
)
2
3
− 1]. (19) 
The decrease in the total energy level of a single 
particle from a state with a quantum number n to 
the ground state indicates that the energy released 
into the cold bath. According to the first 
thermodynamics law, we have 
|𝑄𝑜𝑢𝑡| = |𝑄𝐶𝐴| = 3 (𝑛
2
3 − 1)𝑛
4
3
𝜋2ℏ2
2𝑚𝐿𝐶
2 . (20) 
The total work that arises in one Lenoir cycle is 
the sum of work for the three steps. We find 
𝑊𝑡 = [(𝑛
2 − 1)𝑛
4
3 − 3(𝑛2 − 𝑛
4
3)]
𝜋2ℏ2
2𝑚𝐿𝐶
2 . (21) 
The thermal efficiency of the quantum Lenoir 
engine is raised by dividing equation (21 by equa-
tion (9,  
𝜂 = 1 − 3
𝑛
2
3 − 1
𝑛2 − 1
= 1 − 𝛾
𝑟 − 1
𝑟𝛾 − 1
. (22) 
Where r is the compression ratio between LC and LA,  
𝑟 ≡
𝐿𝐶
𝐿𝐴
= 𝑛
2
3, (23) 
while γ is the heat capacity ratio to a quantum 
system, a particle in an infinite potential well, which 
has a value of 3. 
3. Result and Discuss 
 Making use of equation (22, we get a graph of 
the thermal efficiency as a function of the excited 
state with n = n (Figure 3). As is seen, the higher the 
n-th state the particle can achieve, the greater the 
thermal efficiency value. 
If equation (22 is compared with the classical 
version of the Lenoir engine, the same thermal 
efficiency formulations are observed. The diffe-
rence is in the value of the heat capacity ratio 
wherein the quantum version is 3 while in the 
classical version it is 1.4 with air as working fluid. 
Figure 4 sdraws a graph of the thermal efficiency of 
the two versions at five different compression ratio 
values. It can be observed that the quantum version 
of the thermal efficiency is higher than the thermal 
efficiency of its classical counterpart on the same 
compression ratio. This is due to the higher value of 
 
Figure 3. Curve η(n) of quantum Lenoir engine.  
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the heat capacity ratio of the quantum version than 
the classical version. Increasing the value of the 
compression ratio successively 1.4, 2.3, 4, 4.41 to 5 
is also followed by an increase in the value of 
thermal efficiency in the quantum version. This is 
closely related to equation (23 which indicates that 
the higher the engine compression ratio, the higher 
the excited state that can be achieved by a single 
particle.   
Based on the equation (22, the thermal 
efficiency difference of the quantum Lenoir engine 
(γQ = 3) and the classical version (γC = 1.4) can be 
defined as 
∆𝜂 ≡ 𝜂𝑄 − 𝜂𝐶 = 𝛾𝐶
𝑟 − 1
𝑟𝛾𝐶 − 1
− 𝛾𝑄
𝑟 − 1
𝑟𝛾𝑄 − 1
 (24) 
illustrated in Figure 5. The efficiency difference of 
both the engine reaches a maximum of 56.29% at 
the same compression ratio r = 4.41. 
4. Conclusion 
From the results and discussion presented in 
the previous section, it implies that the higher the  
 
excited state that can be achieved by a particle, the 
higher the thermal efficiency of the quantum Lenoir 
engine. This can be realized by increasing the 
compression ratio of the quantum Lenoir engine. At 
the same compression ratio, the quantum Lenoir 
engine is more efficient than the classical version 
due to the higher heat capacity ratio in the quantum 
system compared to the classical system. The 
quantum system used can increase the efficiency of 
the Lenoir engine up to 56% at a compression ratio 
of 4.41. 
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